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The unsteady motion of a small sphere
in a viscous liquid

By J. R. OCKENDON
St Catherine’s College, Oxford

(Received 31 May 1967 and in revised form 1 April 1968)

The drag experienced by a sphere moving with velocity dependent on a single
time scale £, in an unbounded viscous liquid is considered under the assumption
that the Reynolds numberis small. It is shown that, unless #,is sufficiently large,
an asymptotic expansion in the Reynolds number becomes invalid for large
times. Moreover, when the expansion is valid for large times, the drag can differ
considerably from that predicted by the unsteady Stokes equations.

1. Introduction

A knowledge of the drag experienced by a small sphere moving with variable
velocity in a viscous liquid is important in the study of aerosol motion. In par-
ticular, in order to find the relaxation time taken for a sphere subjected to a
constant force to attain a constant velocity, it is necessary to know the drag
on the sphere for all times. Fuchs (1964) has calculated this relaxation time using
the drag predicted by the unsteady Stokes equations in which the non-linear
terms in the fluid acceleration are neglected. However, we shall see that, when
the sphere’s velocity depends on a single time scale £, the solution of the unsteady
Stokes equations is inaccurate for large times in the sense that the small Reynolds
number perturbation of the solution does not tend to the correct steady-state
solution found by Proudman & Pearson (1957). More generally, we shall find that
any small Reynolds number expansion of the unsteady flow field will only be
uniformly valid for all times provided ¢, is sufficiently large. For such values of
t,, we shall show that the drag at all times can differ significantly from that
predicted by the unsteady Stokes equations.

‘We thus consider the motion produced when a sphere of radius e moves without
rotation along the z-axis in an unbounded, incompressible fluid of density p and
kinematic viscosity v, at rest at infinity. We suppose that at time ¢ the sphere has
a velocity U, U(t[t,), where U, has the dimensions of velocity. In addition, we
shall assume U — U, as o0 and that U(0) = 0, impulsive motion being treated
as a limit as £, — 0. Then, if we take axes moving with the centre of the sphere and
make distances non-dimensional with a, velocities with U, pressure with pUZ/R
and time with t,, the Navier—Stokes equations become

2 2
A8—?+R{—U(t)5‘g+(q.V)Q]=—VP+V2(1, V.q=0, (1.1)
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where q and p denote the velocity and pressure of the fluid, R = U,a/v and
A = a?/vty. The boundary conditions are

q="U(t)e; on r=1, (1.2)
q=20 as r—-00, (1.3)
and q=0 at t=0, (1.4)

where e, is a unit vector along the z-axis. By symmetry, q may be derived from
a streamfunction ¥ satisfying

1 oy 1 oy

&= r2sinf 96’ 9% = " rsinf or

in spherical polar co-ordinates.

We see that the form of an asymptotic solution of (1.1) for small R depends on
the relative magnitudes of A and R. Although, for a given U(t), the flow field is
described in terms of r, ¢, {/A and R, a result of Meyer (1967) concerning the
asymptotic approximation of functions of r, ¢ and R for large ¢ and small R
suggests that the asymptotic solution of (1.1) is only valid for all times if A is
sufficiently small. As an example of the way in which the solution could depend
on the magnitude of A, let us first consider the unsteady Stokes equations,
obtained by putting R = 0 in (1.1). Then the exact solution for the drag (see, for
example, Basset (1888)) may be written in non-dimensional form as

677[U(t)+ (%)%f;% (ii)f%%]‘ (1.5)

Assuming further that dU/[dt = O(t7) (1.6)

as t—o00, where y > 2, (1.5) tends to 67U,[1+ (A/mt)t+...) as t—>oc0. Now an
asymptotic expansion of the drag for large A, in powers of A=%, may be found after
matching two expansions for the velocity field, using a layer of thickness A—% on
the sphere. This gives (1.5) in the reverse order, so that the first term is not a
uniformly valid approximation for large A as t—oco. However, an expansion of
the drag for small A, in powers of A%, again using matched expansions in regions
r = O(1)and r = O(A-1), yields (1.5) and the first term is now a valid first approxi-
mation for all times.

In §2 we shall consider the dependence of the solution of (1.1) on the magnitude
of A, especially for large times, and in §3 the particular case A = O(R?). The
matching techniques to be used are similar to those employed by Riley (1966,
1967) in the study of oscillatory viscous flow, where again the flow patterns
depend crucially on the relative magnitudes of A and R. We shall retain assump-
tion (1.6) in order to simplify the analysis, but this is not necessary.

2. The dependence of the solution on the magnitude of A
(@) A of order unity or larger

The situation when A is large is similar to that already described for the Stokes
flow. To first order the flow consists of a shear layer of thickness A—% on the sphere,
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surrounded by an outer region of potential flow and the first three terms of the
expansion for the drag are (1.5).

When A = O(1), we may proceed by iterating on the unsteady Stokes solution.
Putting

V= Yo(r,t)+ Byry(r,t) +... (2.1)
7
we find that (Ez——/\a—t) Exj, =0, (2.2)
02 sinfd (1 0
2 9 < _Y
where B = PR T/ (sin@ 3(9) ’
with %’ = U(t)sinf cos b, %KTO = U(t)sin?¢ on r=1,

Yr/r®— 0 at infinity and ¥ = 0 at £ = 0. Thus ¥, = f,(r,¢) sin2 4, where

_ @ U 30
= st = — 2y . —a(r—1)
Solry8) fo Solr,t)e~stdt S (34 3o +x?) Sra? (1+ar)e (2.3)
and a? = As.

Since the vorticity associated with yr, is exponentially small as » — co, matched
expansions are not necessary to determine yr;, which satisfies

(EZ—/\a%) E?fry = sin26 cos OF(r,t), (2.4)
_[2U_46 (% 01[%%0_ 2o
where Fo(r,t)-.{—;——r—3+(r—2——U)5;l Frim b
Thus we try Yy = sin?6 cos Gf,(r, 1), (2.5)
6 @af, 6\ &
G0 e (B Y
where (dr2 il ) (dr2 rz) Fy(r,s), (2.6)

with f; = dfy/dr = 0 on r = 1 and f,/r>-> 0 as r— 0. In fact, once i, /sin?6 cos 6
is known to be a function of r, the associated drag can be shown to vanish by
symmetry. We shall, however, determine f; approximately in order to justify
(2.5), since the results will be useful subsequently.

Although the complicated form of f, makes the full solution of (2.6) rather
involved, we can find the form of f, for large ¢ by taking o small in the expression
for f,. Since f, does not possess a useful uniformly valid expansion as > 0 for
all , we consider the cases » = O(1) and r = O(t?) separately.

When r = O(1), f, = (U,/47) (372 — 1) + O(t~}) and so

= 2 3 1 1

F, = 9AU% 402 (_—724—1"—3—475) +0 (&),
which shows that £ tends to its steady flow value as > o0. Exactly as in the
steady-flow case, if f; = O(1/a?) as a—>0, the particular integral of (2.6) for
7 = O(1) which satisfies the boundary conditions on r = 1 grows like

—3AUZ r2/1602

as r—>00. Also any complementary function which satisfies the boundary con-
ditions grows at least as fast as 73,
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Next, if r = O(t?), then
.U, [ 1

fo_—h%cT or

—(1 +al7_) exp{—cxr}]+0(i), 2.7

adr
and so

Jo= g%'i lt—r (%t)%exp{—/\rz/éit}— (t_%,.z) erfe [% (/—})1}]} +O(t—j) . (2.8)

Thus, after some algebra,

By =— 3(2]3" [;?—; erfe [g (%\)1}] + (%)1} (g+g) exp{~— /\7'2/41,‘}} + O(g) (2.9)

3AUZ 3 3 .
- (1+;+f—2)exp{—-r}+0(a), (2.10)

and so F =

where # = ar = O(1). Now the solution of

(d2 9_1) (c_i_zf__l_%) _ 3% (1+§i+f§2) exp{—7, (2.11)

i~ » it~ ® 204

which approaches zero as #-> o0 is

_ A . 3 3 3/\U£ ~ N
f1=;§1+A2exp{»r} (1+—7_.+7~‘—2)+T“4exp{—r}(l+r), (2.12)

where 4, and A4, are arbitrary constants. This solution can only be O(#2) as
F>0if 4, = —34, = —9AUZ/2a4, in which case it tends to —3AUZ 72/16a2 as
#—0. In view of the behaviour of f; when r = O(1), this is the correct choice for
A, and A4, and thus the solution for f; for small & when r = O(1) is

; _ BAUL 3r 1.1 1 1

— O 2y T T —_
h = Tear ( Tte ety 2r2)+0(a)' (2.13)
This is exactly the Laplace transform of the particular integral of the non-
singular perturbation of the steady Stokes solution. As previously mentioned,
the symmetry of i, causes the O(R) contribution to the drag on the sphere to

vanish as t -> 0. Consequently A must be smaller than O(1) as B -> 0 for the asymp-
totic expansion of i for small R to be uniformly valid as { - co.

(b) A = O(R)

For arbitrary small A the form of the asymptotic expansion for small R is not
particularly simple, but the case A = O(R) can be treated fairly easily. Guided
by the results for the unsteady Stokes equations, when A = «, R we try inner and
outer expansions of the form

Iﬁlnner = ’ﬁo(r, t) + Rhﬁl(r’ t) + R’ﬁz(r’ t) +.. = (2 14)
Vouter = RIYO(X 8) + yD(r', 1) + ..., (2.15)
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where r’ = Rir. The time ¢ then only appears as a parameter in the inner equa-
tions and the first few terms in the expansions for ¥ can be written down at
once. We find

Yo = ¢,8in% 4, (2.16)
where g0 = 1UE)Br—[1/r]);

Y@ = ¢gOsin24,

3U (1 1
g0 = —11 - ! 2 __ .
where 7] S, (alr’ ( +alr’) exp{—a,r }) (of = Kq8); (2.17)
and Yy = g,8in%4, (2.18)
=@l e 3 1

where h=—5 ( 7‘+2 o)

Thus yV satisfies
0 . 2 d\ (d}O 2¢©
2_ e 2 preg — gin2 2_ GV A9
(E Ky at) B3y sin2@ cos U(t) (r’ dr’) (dr'2 pe ) , (2.19)
where E'2 denotes E? with » replaced by #', with y®/r'2—>0 as ' - o0, and, by
matching, Y — 3a, Ur'sin%6 as ' —0. The complementary function of (2.19)
satisfying both these conditions is the inverse transform of
3U[ 1 1
bl —a, 7"} | sin?
2 [ (1+oc r’) exp{—oa,r }]sm 0,

!
%G r 1

but the particular integral is only easily written down for large times, under
assumption (1.6). Then §©® may be approximated for small o, and all ' by
replacing U by U,/s in (2.17), and (2.19) reduces to (2.11) with slight changes in
notation. We may therefore conclude that the only particular integral which
satisfies the boundary conditions at infinity and is o(r’) as ' — 0 tends to

—2U%r'2sin26 cos 6+ O(t%)
as r’ -0 for large ¢ and thus dominates the complementary funection.
Hence i, which satisfies

3, U (¢
By =~ 0

where G denotes Fy, with f, replaced by g,, with yr, = 0y,/ér = 0 on r = 1, must
match the inverse transform of

sin? 6 + sin? § cos 6G,(r, t), (2.20)

3k, UL

1602
as r— o0 for small «,. Thus
3W[ , 3. 1 1

_ 17.
lﬁz:——IF - §—§+2;7~2]s1n2000s0+0(a1‘1) (2.21)

r2sin?d cos 0+ O(ag )

as o > 0.

Asin the previous section, the symmetry of i, means there is no O(R) term in
the drag on the sphere as t - co. The two-term expansion for the drag calculated
from (2.16) and (2.18) gives the first two terms in (1.5), with A replaced by «, R.



234 J. R. Ockendon

To obtain the third term it would have been necessary to calculate ¥, correct
to O(1) as a, 0.

In summary, therefore, A must be smaller than O(R) before a perturbation
solution for small R is valid as ¢ —>oc0. We shall see in the next section that a uni-
formly valid expansion is obtained when A = O(R?).

3. The case A = O(R?)
When A = kR? we try an inner expansion of the form

Y = Yo(r, t) + Bifry(r, ) + ..., (3.1)

as this is then the form of the expansion both for steady flow and for unsteady
Stokes flow. Again the time only appears as a parameter in the inner solution
and ¥, = $U(t)(3r—r~*)sin?6. Also yr,, which satisfies the same equation as it
would in steady flow, differs from

_3[Ulg)]2 (72_3_r+1 !

1
—_— 1n2
s ts— 5t 2r2) sin26 cos 6
by a complementary function of E%)r; = 0 which vanishes together with its
derivative on r = 1.
The form of ¥, suggests an outer expansion of the form

q = RqO(r*,t)+..., (3.2)
p = R¥%pOr* )+ ..., (3.3)
1
Y=gyt +.., (3.4)
where r* = Rr. Then
2q© 2q©
K=~ Ut) i — V*pO® L VH2q0)  T* O = 0, (3.5)

where q© vanishes as r*—>0o0 and matches the first-order inner solution as
r*—0. We adopt Childress’s (1964) device of assuming that this inner boundary
condition is satisfied if ¢‘? and p© satisfy

aq(O) aq(o)
Koy~ U() Tk = V*pO + V*2qO 4 67U (£) §(r*)e;, V*.q® =0, (3.6)
everywhere.

The Fourier transforms of q© and p©® are defined by

Q“”:fffw 4@ exp{—ik. ¥} dr*, P(O):fffw pOexp{—ik.r*}dr*,
where k = (k]_, kz; ka) ThllS, ifk = lkl’

d0©® .
K%—sz U(t)Q(O) = —{ POk — 2Q© 1 6nU(t) e, K.QO =0, (3.7
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Hence PO = — 671k, U(t)/k?
and so, using (1.4),

QO = _iexp{_k_+@k3 t)U' U(r)exp :@——zk Z(T)} dr (kkf—%) )
(3.8)

where «Z’(t) = U(t). Moreover, provided U approaches U, algebraically as
t— 00, it can be shown that Q© tends to

610, (kyk
TRk U \ k2 )

as t—oo for k + 0. Since Q@ is bounded as {—> o0 when &k = 0, it follows that
q©, as given by

q<o)__4m2fU dT”f_wexp{ M- T)+ iky(Z(8)— (T))+ik.r*}dk

ksk
X ( B e3) (3.9)
tends to its expected steady value as ¢ —co, namely the velocity associated with

a streamfunction Y©® = 3(1+cost)(1— exp{—31U,[r*—2*]}). It is shown in
appendix A that the streamfunction ¥® is then given by

o = Srisinto [t Ug) U o1 oxP : B :gi/fz } 4 —exp { —%}] ( dT

2kmt Jo 7 7) t—m)t’
(3.10)
where r}2 = r*24+ 2%(Z(t) — Z(7)) + (Z(t) — Z(7))? and S is a dummy variable of

integration.
In order to carry out the matching to determine ¢, ¥ must be expanded in
powers of R, having first put r* = Rr. In appendix B it is shown that

12
YO = ?_IMR_F{—%( (t))?r?sin26 cos 6

r2sin? 6 x\} (AU dr
T2 [- (;) fo E(t—f)i
o) o a5 S s,
where

T=t-71, Y=24¢)—2Z(t) and hy(Y) = exp{—«f?Y?[4T}—exp{—xkY2[4T}.

Thus matching requires that the complementary function occurring in i, should
be of the form 1H (t) (r* — 3r + [1/2r]) sin% 6, where H(t) denotes the term in square
brackets in (3.11).

The next term in the asymptotic expansion for { can be calculated at once by
using Proudman & Pearson’s results for the steady case. The equation for the
third term in the inner expansion for ¥ is modified only by the presence of a
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term «0/0t (E%f,). Now the particular integral corresponding to this term is
proportional to 73sin?6dU/dt. Hence the structure of the third term in the inner
expansion for ¥ is unaltered. Moreover there still cannot be terms of O(log R) in
the outer expansion. If there were, the corresponding pressure and velocity
would satisfy (3.5) everywhere since the force on the sphere contains no Rlog R
terms. Any such solution of (3.5) which is zero at infinity and at ¢ = 0 vanishes

04 H() .

0375

¢

Ficure 1. The functions H(¢) and H,(t) when U = 1—-1/(1+¢)% « = }.

identically. Therefore we may still infer, as in (3.59) of Proudman & Pearson’s
paper, that the third term in the inner expansion for ¢ is

—&[U ) 3R?log R(4r% — 3r + [1/4r]) sin? 0
and hence that the non-dimensional drag is
6mn[U(t)—RH(t)+S5[U@)*PR%log B+ ...]. (3.12)

In view of the comments made after (3.8), this expression does tend to the
correct steady-state value when U — U, algebraically. The first term in H(¢),
denoted by H,(t), then tends to zero, while the second approaches —3U?2. This
is demonstrated in figure 1, where H(¢) and H,(f) are compared for the case
U) = 1- /(1487 « = L.
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Appendix A
Let us first consider »©, the velocity component in the z-direction. From (3.9)
“(O)‘*W {fﬁ exp{ — w4 i(kya* + kyy* + Ky g} Fiks el a

(A1)

where w? = (t —7)/k and { = 2* + Z(t) — Z(7). After rotating the axes to a system
k' in which (x*, y*, {) lies on the k; axis, the integral in curly brackets can be
written as

62 @ F'd
R 212 | STk . ;
2m Py 3§f0 fo exp{—wk'? +ik'rf cos §}sin pdpdk

o2 ® gin k"

et s exp{—uk
_ 2t 2 202/ 4,2
=~ warat), exp{—ri*f%/4w?}dp
mie*[/ 1 6u? w? 1
= [(E-l_ 7*4) exp { —r¥2f4w?} — —T—[lfo exp{—r’fzﬁz/élwz}dﬁ]. (A2)

The y and z velocity components may be treated similarly.
We may prove by direct differentiation that, if a streamfunction

t t
sinzﬁf N(r*,7)dr gives a velocity f M(r*, z*, 1) dr,
0 0

then the streamfunction

EN( rl , . . LS
r*2sin2( — gives a velocity M(r5, ¢, 7)dr
0

Now the « velocity component associated with the streamfunction

3sin2é (¢ 1 %202 _ _seigm] 97

2t fo Ur) [fo exp{—r*232/4w?df — exp { —r*2/4w }] =y (A3)
. 3 3 k% 1 6w
18 N 4K7T2fo vm [7_1 232 {(r*2+ rw ) oxp{ - duty

_ %ﬁl exp{— T*2ﬂ2/4w2}dﬂ}] dr. (A4

Hence, from (A 2), (3.10) does indeed give the velocity (3.9).

Appendix B
Let us assume that Z(0) = 0 and that U(f) is bounded and continuous for
t > 0. If we make the substitutions indicated after (3.11), so that

T=«xY/U)+0(Y?) as Y->0,
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and also put @(Y) = Y2+ 2Rrcos0Y + R%*?2, then

yo = 3R2r2s1n20( ) J‘Z<t)J‘1h : dﬁdY, B1)
T*(Y
where rY) = exp{—«kp?Q(Y)/4T}— exp{—kQ(Y)/4T}.
When Y > 0,
MY) 13 .
am) =73, B, O

where k,(Y) = O(Y"*) as Y >0, and
ho(Y) = exp{—«f>Y?[4T} —exp{—«kY?/4T}.

Thus we first consider
_ J‘Z(') MY)dY
| =

s THQY)

where 8 is an arbitrary positive number. Now

zZ® K(f2-1)Y? dY (20 k(f2-1)Y2 dY
L (h°(y)+ 4T )Téyffo (h°(y)+ 4T )T%Y2+O(aé)

(B2)

. (B3)
for small §, while
J‘Z@@_}_f ~ lftU(t—r)dT 2 [_q(t_)]% gft;i_(_] dr B
s T «Jo T} oo« kJo dr (t—T1)% )
since U(0) = 0. Thus
ZOh(Y)AY  a
=20 3
J‘a TiyE 6‘}+b°+0(6 ) (B5)
for small 8, where a, = {[U(¢)]%/2k}} (1 — §2) and
z® k(f2-1)Y% dY p2-1(tdU dr
= ho(Y —
° fo (0( T )Téyz+ 2 Jodr g—npt’
.. Z0h (YYAY @, 5
Similarly, f \ Tiy: = 6“+%+ O(6—n+i)
and 50, as B0, I = g—g+bo+0(6é,R). (B6)
. Y)Y
We next consider I, = f " B7
27 Jo TQ(Y) (B7)

and put x = }B2U(t) and p’ = }U(t). Throughout the range of integration
MY) [U (t)]ir
T kY
Exactly as for 1,

f”eXp{—ﬂQ(Y)/Y}—eXp{—//Q(Y)/Y}dy
s YiQ(Y) T ot

[exp {—nQ(Y)/Y}—exp{—p'Q(Y)/Y}](1+0(Y)).

2+ b, +0(0, R) (BS)
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as R— 0, where aq = 2(¢'— ) and

@ aY
b6=f0 lexp{—p¥}—exp{—p'V}+(u-p)¥] ¢
dmt .,
_%( T8
Next,
o [~ - Y)/Y\dY ® Y
), exp{ ;SQ((Y))/ } =exp{—2,uchost9}J.0 exp{—,u(Y+R2r2/Y)}%
m\texp{—2uRr(1+ cos0)}
-(E)
and so
f exp{—pQ(Y)/Y}—exp{—p'QY)/Y}dY
0 YY)
ont 4 ,
=R—r(,u%—,wl’)+?(1+cos¢9)(lu3—,u%)+0(R) as R->0. (B9)
Thus, since
exp {—p@(Y)/Y}—exp{-p'QY)/Y} ., 4
jo s Y3Y = O@8t) as R0,
Izz[@] {["[1]{( (1= )+ TIOR8 o o1y - UL ;;ﬁ) O(R, 8%).

If we finally let § >0 (B 10)

YU (1— UM P
11+12=(Z) ﬂgT—/’L(:—:) Lg)lcose(ﬁa—1)+bo+0(3), (B11)

and so, for small R,

o _ SB¥*sin?01U(t) (U@#)}2 cos 0
Yo = 2 2Rr 8

Gl e g E) i voum).

which is (3.11). (B12)
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